In this paper, we study the largest Laplacian spectral radius of the bipartite graphs with n vertices and k cut edges and the bicyclic bipartite graphs, respectively. Identifying the center of a star K 1,k and one vertex of degree n of K m,n , we denote by K k m,n the resulting graph. We show that the graph K k
Introduction
The graphs in this paper are simple and undirected. Let G = (V , E) be a graph with n vertices, A(G) adjacency matrix, and D(G) the diagonal matrix of vertex degrees. Since A(G) is a real symmetric matrix, its eigenvalues are all real. We call the largest eigenvalue of A(G) the spectral radius of graph G.
The Laplacian matrix is L(G) = D(G) − A(G). The Laplacian characteristic polynomial of G is just det(μI − L(G)), which is denoted by (G, μ). From the fact that L(G) is a real symmetric
ୋ This work is supported by NSFC. matrix and Geršgorin's theorem [7] , it follows that its eigenvalues are nonnegative real numbers, and 0 is the smallest eigenvalue of L(G). Hence its eigenvalues can be denoted by μ 1 (G) μ 2 (G) · · · μ n (G) = 0, in a non-increasing order. The largest eigenvalue μ 1 (G) is the Laplacian spectral radius of graph G.
Up to now, there have been many results about spectral radius of graphs, but few about Laplacian spectral radius except for some upper bounds (see [2] ). Guo [4] showed that the graph U 3 n (resp. C n ) has the largest (resp. smallest) Laplacian spectral radius among all the unicyclic graphs, where U 3 n denotes the graph on n vertices obtained from C 3 by attaching n − 3 pendant edges to a vertex of C 3 . Deng and Xu [1] showed that the graph B 3 n has the largest Laplacian spectral radius among all the bicyclic graphs with only two cycles, where B 3 n denotes the graph obtained from a star K 1,n−1 by adding two independent edges, each joining two vertices of degree 1. Liu et al. [8] showed that K k n is the unique graph having the largest spectral radius in all the connected graphs with n vertices and k cut edges, where K k n is a graph obtained by joining k independent vertices to one vertex of K n−k . Guo [5] proved that among all the connected bicyclic graphs of order n with k pendent vertices, either B * n (k) or B * * n (k) has the largest spectral radius, where B * n (k) is the graph on n vertices obtained from C 3 by attaching a C 3 and k paths of almost equal lengths at one vertex, and B * * n (k) is the graph on n vertices obtained from C 4 + e (e joins two nonadjacent vertices of C 4 ) by attaching k paths of almost equal lengths at one vertex of degree 3. Further, Petrović et al. [9] showed that for k 1 and n k + 5, the spectral radius of B * n (k) is larger than the spectral radius of B * * n (k). In this paper, we restrict our consideration to the Laplacian spectral radius of bipartite graphs. Motivated by [8] and [5] , we obtain two results: the graph K k 2,n−k−2 (1 k n − 4) is the unique graph with the largest Laplacian spectral radius among the bipartite graphs with n vertices and k cut edges, where K k 2,n−k−2 (1 k n − 4) is a graph obtained by identifying the center of a star K 1,k and one vertex of degree n − k − 2 of K 2,n−k−2 ; the graph K n−5 2,3 (n 7) is the unique graph with the largest Laplacian spectral radius among all the bicyclic bipartite graphs. For convenience, we usually write
Bipartite graphs with k cut edges
Let K k m,n be the graph obtained by identifying the center of the star K 1,k (k 1) with one vertex of degree n of K m,n , where k, m, n are all positive integers (see Fig. 1 ). It is well known that a complete bipartite graph K m,n has Laplacian spectral radius m + n. Put 
Proof. We label the vertices of the graph K k m,n as in Fig. 1 . Then we can get the Laplacian matrix
where
By direct calculations, we can get
Since 0, 1, n are not the roots of the equation 
By Lemma 2.1, we get the result.
If h(x) is a polynomial in the variable x, let μ 1 (h) denote the largest real root of equation h(x) = 0. We can easily get
Lemma 2.4. Let h(x) and g(x) be monic polynomials with real roots. If h(x) < g(x) for all
Proof. It suffices to prove
. We complete the proof.
The next lemma is frequently used in this paper. Let B k n be the set of connected bipartite graphs with n vertices and k cut edges.
Lemma 2.6. [3] Let u, v be two vertices of a connected bipartite graph
G = (V 1 , V 2 , E). Suppose that v 1 , v 2 , . . . , v s (1 s d(v)) are some vertices of N G (v)\N G (u) different from u. Let X be a unit eigenvector of G corresponding to μ 1 (G),(G * ) > μ 1 (G). Let V (K 1,k ) = {v 0 , v 1 , . . . , v k } and v 0 the center of K 1,k . Let K(a 0 , {a 1 , a 2 , . . . , a k }) be
Theorem 2.7. Among all the connected bipartite graphs with n vertices and k (1 k n − 4) cut edges, the largest Laplacian spectral radius is obtained uniquely at
Proof. We have to prove that if
, with equality only when
. . , e k } be the set of cut edges of G. Denote a unit eigenvector corresponding to μ 1 (G) by x = (x 0 , x 1 , . . . , x n−1 ), where x i corresponds to the vertex v i (0 i n − 1). Note that graph G and G + e are also bipartite graphs, then by Lemma 2.2, μ 1 (G + e) > μ 1 (G). So we can assume that the components of G − E 1 are complete bipartite graphs
n such that the Laplacian spectral radius of G is as large as possible. We now have three facts below.
Suppose that there exists some i such that 
Then for the similar reason to Fact 1, we can get G * ∈ B k n . By Lemma 2.6, we have
By Fact 2, we can assume that v 0 v j ∈ E 1 , 1 j k.
We first prove that at most one of {a 1 , a 2 , . . . , a k } is larger than 1. Suppose not, then there exist a i > 1 and a j > 1 for some 1 i < j k. We may assume that 
Then for the similar reason to the above, we can get G * ∈ B k n . By Lemma 2.6, we have
} is the set of cut edges of G * , and each component of G * has no odd cycles. So G * ∈ B k n . By Lemma 2.6, we have
. By Lemma 2.5, we know that K k 2,n−k−2 has the largest Laplacian spectral radius of all the connected bipartite graphs with n vertices and
We complete the proof.
Let x = (x 1 , x 2 , . . . , x m+n+k ) be a unit eigenvector corresponding to μ 1 (K k m,n ), where each x i corresponds to v i (see Fig. 1 ). Then we get Corollary 2.8.
(1) |x m+n | > |x n+1 |, for all m and n, (2) 
(2) Assume, on the contrary, that 
Bicyclic bipartite graphs
Bicyclic graphs are connected graphs in which the number of edges equals the number of vertices plus one. A bicyclic graph is either two basic cycles or two basic cycles with trees attached. Let C p and C q be two vertex-disjoint cycles. Suppose that v 1 is a vertex of C p and v l is a vertex of C q . Joining v 1 and v l by a path v 1 v 2 . . . v l of length l − 1, where l 1 and l = 1 means identifying v 1 with v l , the resulting graph (see Fig. 3), denoted by B(p, l, q) , is called an ∞-graph [5] . Let P l+1 , P p+1 , P q+1 be three vertex-disjoint paths, where l, p, q 1 and at most one of them is 1. Identifying the three initial vertices and terminal vertices of them, respectively, the resulting graph (see Fig. 4), denoted by P (l, p, q) , is called a θ -graph [5] .
Let B n denote the set of bicyclic bipartite graphs with n vertices. Then B n consists of two types of graphs: B + n is the collection of ∞-graphs with trees attached; B ++ n is the collection of θ-graphs with trees attached. Then we have B n = B + n B ++ n . Let B * n be the graph on n vertices obtained from B(4, 1, 4) by attaching n − 7 pendant vertices to a vertex of degree 4, B * * n the graph on n vertices obtained from P (2, 2, 2) by attaching n − 5 pendant vertices to a vertex of degree 3, and B * * * n the graph on n vertices obtained from P (3, 1, 3) by attaching n − 6 pendant vertices to a vertex of degree 3. Such graphs are shown in Fig. 5 .
and equality holds if and only if
Proof. Choose G ∈ B + n such that the Laplacian spectral radius of G is as large as possible. Denote by x = (x 1 , x 2 , . . . , x n ) a unit eigenvector corresponding to μ 1 (G), where each x i corresponds to the vertex v i (1 i n) .
We first prove that G is an ∞-graph B (4, l, 4) Fig. 3. B(p, l, q) . Fig. 4. P (l, p, q) . if |x v l | |x v l+2 |, let
Then in either case, G * is still an ∞-graph and has no odd cycles, i.e., G * ∈ B + n . By Lemma 2.6,
Now, we prove that l = 1. Assume, on the contrary, that l > 1. Without loss of generality, we may assume that |x 
Then for the similar reason to the above, G * ∈ B + n , in either case. By Lemma 2.6, we have
Now, we prove that there exist n − 7 pendant vertices attached to a vertex of degree 4. On the contrary, suppose that there exists a vertex v i of T such that v i is adjacent to v 1 
Combining above arguments, we have G = B * n . . By Lemma 2.6, we have μ 1 (G * ) > μ 1 (G), a contradiction. Thus G = B * * * n . In a similar way, for G ∈ B ++ n e , we can prove that G = B * * n . Now we prove that for n 6, μ 1 (B * * * n ) < μ 1 (B * * n ). For B * * * n , we may assume that |x v 3 | |x v 5 | (see Fig. 5 ). Since {v 6 } ⊆ N(v 5 ) \ N(v 3 ), let G * := B * * * n − {v 5 v 6 } + {v 3 v 6 }. Then G * is still a θ-graph with l being even and has no odd cycles, i.e., G * ∈ B ++ n e . By Lemma 2.6, we have μ 1 (B * * * n ) < μ 1 (G * ). Since μ 1 (G * ) < μ 1 (B * * n ), we have μ 1 (B * * * n ) < μ 1 (B * * n ).
Theorem 3.3.
Let G be a graph in B n . Then μ 1 (B * n ) < μ 1 (B * * n ), for n 7.
Proof. We may assume that |x v 3 | |x v 6 | (see Fig. 5 ). Since {v 5 } ⊆ N(v 6 ) \ N(v 3 ), let G * := B * n − {v 5 v 6 } + {v 3 v 5 }. Then G * is a θ -graph and has no odd cycles, i.e., G * ∈ B ++ n . By Lemma 2.6, we have μ 1 (B * n ) < μ 1 (G * ). Since μ 1 (G * ) < μ 1 (B * * n ) by Theorem 3.2, we have μ 1 (B * n ) < μ 1 (B * * n ).
